Abstract. In this short note we provide a review of some developments in the area of homotopy quantum field theories, loosely based on a talk given by the second author at the Xth Oporto Meeting on Geometry, Topology and Physics.
Homotopy Quantum Field Theories
Homotopy quantum field theories were invented by Turaev [10] , though the idea goes back to Segal's discussion of the possible geometry underlying elliptic cohomology [7] . Segal's construction is a generalisation of his definition of conformal field theory to the situation where one has a target or background space X. He assigns a topological vector space E(γ) to each collection of loops γ in a space X and a trace-class map E(σ) : E(γ) → E(γ ′ ) to each Riemann surface Σ equipped with a map σ : Σ → X agreeing with γ op ⊔ γ ′ on the boundary. The assignment is multiplicative in the sense that E(γ 1 ⊔ γ 2 ) is isomorphic to E(γ 1 ) ⊗ E(γ 2 ). The result can be thought of as a kind of infinite dimensional bundle on the free loop space of X, together with a generalised connection which describes "parallel transport" along surfaces.
One can package this in terms of representations of a category C X whose objects are pairs (Γ, γ), where Γ is a compact, closed, oriented 1-manifold 1 and γ : Γ → X is a continuous function; and whose morphisms are equivalence classes of triples (Σ, α, σ), where Σ is a Riemann surface, α a boundary identification α : ∂Σ ∼ = Γ op ⊔Γ ′ and σ : Σ → X is a continuous function equal to γ and γ ′ on the boundary. Segal defines an elliptic object to be a multiplicative functor from this category to the category of topological vector spaces satisfying a number of further conditions. For X a point one regains the category at the heart of Segal's axiomatic definition of conformal field theory. From one point of view the above is a way of organising the surfaces and maps to an auxiliary space X which occur in non-linear σ-models in string theory, but stopping short of integrating over mapping spaces.
A 1+1-dimensional homotopy quantum field theory is a variant of the above, in which the complex structure is neglected, topological vector spaces are replaced with finite dimensional complex vector spaces and linear maps associated to cobordisms are invariant under deformation by homotopy (relative to the boundary). These can be thought of geometrically as flat "higher" bundles with base the free loop space. In general an n+1-dimensional homotopy quantum field theory is an n + 1-dimensional topological quantum field theory "with background". Of particular interest is when the background space is a classifying space of some kind and so maps to it have a geometrical meaning, for example X = BG in which case maps to X are interpreted as G-bundles. For G a finite group this makes contact with Dijkgraaf-Witten theory.
For a path connected pointed space X, define an X-manifold to be a closed oriented n-manifold M with pointed components, equipped with a based map γ : M → X. Define an X-homeomorphism of X-manifolds to be an orientation preserving homeomorphism f : M → M ′ sending basepoints to basepoints such that γ ′ • f = γ. An X-cobordism is an oriented n + 1-manifold whose boundary is an X-manifold (where the orientation of the ingoing boundary components is opposite to the induced one) together with a map to X (taking boundary basepoints to the basepoint in X). Where boundaries agree, X-cobordisms can be glued using X-homeomorphisms. Let W 0 ∪ f W 1 denote the result of gluing W 0 to W 1 using the X-homeomorphism f where the outgoing boundary of W 0 is glued to the ingoing boundary of W 1 . Turaev then defines an n + 1-dimensional homotopy quantum field theory (over C) with target X as an assignment of a finite dimensional vector space
satisfying the following axioms, where the numbering is Turaev's.
(1.2.1) each isomorphism f ♯ is invariant under isotopies of X-homeomorphisms and
2) for two X-manifolds M and N there is a symmetric natural isomorphism
there is an isomorphism A ∅ ∼ = C (1.2.4) the maps τ are natural with respect to X-homeomorphisms (1.2.5) for two X-cobordisms W 1 and
is invariant under homotopies relative to ∂W .
In the above there is one important difference from Turaev's definition as stated in [10] , namely part of his axiom (1.2.7) has been omitted. In his manuscript he demands τ (M × [0, 1] → X) = id for any X-cobordism of the form M × [0, 1] → X which by force makes homotopy information in dimensions greater than n redundant. By omitting this (and thus giving a role to higher homotopy) Turaev's results in [10] must be restated as applying to X an Eilenberg-Maclane space only. This is the position adopted by Rodrigues in [6] , where a careful discussion of the axioms can be found.
Notice that for a contractible target space the above reduces to a topological quantum field theory as for each manifold or cobordism there is a unique up to homotopy map to X. Notice too that the definition provides numerical invariants of closed X-cobordisms by methods standard in TQFT: regard a closed manifold as a cobordism from the empty manifold to itself which gives a linear map C ∼ = A ∅ → A ∅ ∼ = C whose value on 1 is the desired invariant. By methods standard in TQFT it can also be seen that A M op ∼ = A * M . Also, associated to each point x in X there is an induced TQFT defined by those maps collapsing all manifolds and cobordisms to x.
Concurrent with Turaev's definition, the first two authors defined a categorical version of the above in dimension 1 + 1. Letting S n denote n copies of a standard circle define the homotopy surface category S X of a space X to be the category with the following objects and morphisms.
• Objects are pairs (n, s) where n ∈ N and s : S n → X is a continuous function.
• Morphisms from (n, s) to (n ′ , s ′ ) are triples (Σ, α, σ) where 1. Σ is an smooth oriented surface 2. α : ∂Σ → S op n ⊔ S n ′ is an orientation preserving homeomorphism and 3. σ : Σ → X is a continuous function such that
commutes up to homotopy relative to the boundary of Σ 1 . This is a monoidal category under disjoint union and an equivalent definition of homotopy quantum field theory is as a symmetric monoidal functor from S X to the category of finite dimensional complex vector spaces (monoidal under tensor product). Notice that S X plays the role of a "higher" fundamental groupoid, and just as representations of the fundamental groupoid correspond to flat bundles, representations of S X give flat "higher" bundles.
Though more care is needed for higher dimensional theories, Rodrigues [6] has succeeded in producing a cobordism category for each dimension whose multiplicative representations give homotopy quantum field theories.
Examples
Flat vector bundles. An example of a 0+1-dimensional homotopy quantum field theory is given by a vector bundle with flat connection: the vector space E(x) associated to a point x in X is the fibre over x and a map E(x) → E(y) associated to a path from x to y is given by parallel transport.
Examples from cocycles. Turaev [10] constructs 1+1-dimensional homotopy quantum field theories from 2-cocycles in X. The construction proceeds as follows. Let θ ∈ C 2 X be a 2-cocycle and for a loop γ set
If two cocycles differ by a coboundary then the theories constructed above are isomorphic. This construction produces a rank one theory i.e. each vector space A γ is one dimensional. In fact this construction is more general and in a similar way Turaev constructs n + 1-dimensional homotopy quantum field theories starting from n + 1-cocyles in X.
Examples from variants of Frobenius algebras. Further examples in dimension 1+1 can be obtained from Frobenius algebras with additional structure. For G a discrete group the first two authors define a G-Frobenius algebra to be a finite dimensional commutative Frobenius algebra with Gaction satisfying g(ab) = (ga)b = a(gb). Then for X a simply connected space, a π 2 (X)-Frobenius algebra V gives a 1+1-dimensional homotopy quantum field theory by setting A γ = V for a single loop γ. By choosing contractions for each loop, all linear maps assigned to X-cobordisms are determined from those cobordisms whose boundary loops are trivial and these in turn are determined by the π 2 (X)-Frobenius algebra. In particular there is a canonical one-to-one correspondence between homotopy classes of maps from a cylinder to X with ends mapped to the basepoint of X and the group π 2 (X). The linear map assigned to the cylinder corresponding to g ∈ π 2 (x) is given by multiplication by g. In this case the surface category is equivalent to a labelled version of the category of surfaces without background, as found in the definition of 1+1-dimensional TQFT. The morphisms are labelled by elements of π 2 (X) and when composing morphisms the labels add.
Similarly, for a discrete group π, Turaev has defined a crossed π-algebra to be a π-graded algebra V = α∈π V α together with a bilinear form η : V ⊗ V → C and a π-action ϕ : π → Aut(V ) satisfying
• η| Vα⊗V β is non-degenerate for β = α −1 and zero otherwise and η(ab, c) = η(a, bc)
• ϕ(β) is an algebra automorphism preserving η such that ϕ(β)(V α ) ⊂ V βαβ −1 and ϕ(β)| V β = id and (ϕ(β)(a)b = ba • Trace(cϕ(β) : V α → V α ) = Trace(ϕ(α −1 )c : V β → V β ). Then for X = K(π, 1) a crossed π-algebra V gives a 1+1-dimensional homotopy quantum field theory by setting A γ = V [γ] where we identify homotopy classes of maps from S 1 to K(π, 1) with π and [γ] denotes the homotopy class of γ.
In fact more is true and Turaev [10] has shown that the category of 1+1-dimensional homotopy quantum field theories with target K(π, 1) is equivalent to the category of crossed π-algebras. Similarly the first two authors [2] have shown that for a simply connected space X the category of 1+1-dimensional homotopy quantum field theories with target X is equivalent to the category of π 2 (X)-Frobenius algebras. Rodrigues [6] has reformulated the latter to state that the homotopy surface category of a simply connected space is universal for G-Frobenius objects. This formalises the view that surface and diagram categories encode the axioms for algebraic structures.
State sum examples. Further examples of 1+1-dimensional theories can be obtained by extending state-sum TQFTs to the homotopy quantum field theory setting. These lattice models have been defined by Turaev [10] and studied by him for X an Eilenberg-Maclane space and studied by Rodrigues [6] for simply connected background. In this approach one has a cellular structure for each manifold and one uses the map to X to label cells. State sums are then defined (over appropriate labellings) for closed manifolds and then extended to homotopy quantum field theories. Rodrigues views this as a way of incorporating matter into lattice topological quantum field theory.
Examples from variants of modular categories. Turaev also constructs 2+1-dimensional theories from algebraic data [11] by defining the notion of a modular π-category which is a generalisation of a modular category and when X is contractible and the construction reduces to his construction of a 2+1-dimensional TQFT from a modular category.
Thin invariant field theories
There is already available a notion of "higher" line bundle with connection in the form of a gerbe and in this section we explain the work of U. Bunke and the second two authors [4] relating these to homotopy quantum field theories.
Following Barrett's work on classifying vector bundles by holonomy [1] one can modify the definition of the homotopy surface category of a smooth finite dimensional manifold by considering collared smooth cobordisms and demanding invariance under smooth homotopies with rank ≤ 2. Such homotopies are known as thin homotopies and may be informally characterised as those sweeping out no volume. Call this category the thin-homotopy surface category T X and define a rank one thin invariant field theory with target a smooth manifold X to be a symmetric multiplicative functor E from T X to the category of one-dimensional vector spaces such that there exists a closed three from c on X satisfying E(∂v) = exp(i V v * c) whenever v : V → X is an X-three-manifold. This last condition guarantees that the functor E is suitably smooth. If the three form c is zero we say the thin invariant field theory is flat. Though it is not obvious, a flat thin invariant field theory is the same thing as a rank one, normalised homotopy quantum field theory. Here normalised means that for each point, the induced TQFT is trivial.
Examples of thin invariant field theories can be constructed from gerbes with connection. A gerbe with connection may be described by its holonomy (see for example [5] ) , which in turn can be viewed as a C × -valued function S on the space of maps of closed surfaces into X. Given such, and supposing that H 1 X is trivial, it is possible to construct a thin-invariant field theory over X as follows. For a loop γ set
where the notation − indicates that we are viewing σ ∪ σ ′ op as a closed surface. For a cobordism g : Σ → X from γ to γ ′ the map E(γ) → E(γ ′ ) is given by composing surfaces as indicated below, where σ : W → X is a generator of E(γ).
In fact , for a background space satisfying H 1 X = 0, this construction sets up a one-to-one correspondence between gerbes with connection on X and thin-invariant field theories on X.
By virtue of the remarks above about flat thin-invariant field theories and rank one normalised homotopy quantum field theories, another source of (flat) thin-invariant field theories is Turaev's construction using cocycles.
With some more work it can be shown (see [4] ) that for a general finite dimensional smooth manifold X there is a correspondence {Gerbes with connection on X} ↔ { thin-invariant field theories on X} In other words a thin-invariant field theory can be viewed as an alternative characterisation of a gerbe. Flat gerbes, it turns out, correspond to flat thin-invariant field theories and hence to rank one, normalised HQFTs. By identifying flat gerbes with H 2 (X; C × ), this identifies rank one, normalised HQFTs on X with H 2 (X; C × ). This extends a result of Turaev who showed this for X and Eilenberg-Maclane space using the algebraic classification in terms of crossed algebras.
Extended homotopy quantum field theories
In this section we will discuss another variant of homotopy quantum field theory. Elsewhere in this volume Stephen Sawin discusses 2-TQFTs, which extend TQFTs to a three tier structure rather than the usual two tier structure. A version of homotopy quantum field theory along similar lines has been defined by the first two authors in [3] . The approach is to begin by defining the 2-category version of the homotopy surface category of a space and then considering some kind of representations of this. This approach has been pioneered in the background-free case by Tillmann in [8, 9] . She considers a 2-category whose objects are one-manifolds, whose morphisms are surfaces and whose 2-morphisms are diffeomorphisms. She explains how this may be thought of as a discrete approximation to Segal's topological category occurring in the definition of CFT, which has Riemann surfaces as morphisms. Indeed, the classifying space of a morphism category in Tillmann's 2-category has the same rational homotopy type as the morphism space in Segal's category, thus making the link between TQFTs extended to the 2-category setting as above and CFT. Generalising this to homotopy quantum field theories is then some way toward approximating the elliptic objects discussed in the first section. The homotopy surface 2-category of X is the 2-category S (2) X defined (roughly) as follows.
• Objects are based continuous functions s : S m → X, for m ∈ N.
• 1-Morphisms are continuous functions g : Σ → X where Σ is a surface and g agrees with source and target boundaries.
• 2-Morphisms are orientation preserving diffeomorphisms T : Σ 1 → Σ 2 that fix boundary collars pointwise and such that the following diagram commutes up to basepoint-preserving homotopy relative to the boundary.
2-morphisms are identified if they are in the same component of the mapping class group and 1-morphisms are identified up to limited isotopy. It would be inappropriate in this short review to present more details (the 2-category-minded reader will be aware there must be many) and the reader is referred to [3] . An extended homotopy quantum field theory is then defined to be a multiplicative strict 2-functor from S (2) X to the 2-category of additive, idempotent complete C-linear categories. There are other possibilites for the target two category such as 2-vector spaces or those considered by Sawin.
Suppose that X is simply connected and let A be the category associated to the circle equipped with the constant map to some basepoint in X. This category inherits a rich algebraic structure, in particular it is a semi-simple balanced category (monoidal with braiding and twist) with an action of π 2 (X) satisfying a number of further conditions describing the interaction of the action with the balanced structure. The category A also has defined on it an involution (−) * : A → A (defined by Tillmann) and it is shown in [3] that for certain self-dual extended homotopy quantum field theories this provides A with a right duality, thus turning A into a lax semi-simple tortile category with π 2 (X)-action.
There is a similar situation for the case when X is an Eilenberg-Maclane space of type K(π, 1), where a self-dual extended homotopy quantum field theory gives rise to a lax version of a tortile π-category. A strict tortile π-category is the same thing as a ribbon π-category defined by Turaev, showing that self dual 1+1-dimensional extended homotopy quantum field theories have the expected close connection with and 2+1-dimensional homotopy quantum field theories.
